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• We evaluate nonlinear interactions between radiation belt electrons and whistler mode 
chorus waves with amplitude modulations. 
• Three types of nonlinear regimes are identified in the pitch angle-energy space 
characterized by different electron motions in each regime. 
• Amplitude modulation of chorus reduces advection effects but increases “diffusive” 
scattering compared to a constant amplitude wave. 
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Abstract 
We use test particle simulations to model the interaction between radiation belt electrons and 
whistler mode chorus waves by focusing on wave amplitude modulations. We quantify the pitch 
angle and energy changes due to phase trapping and phase bunching (including both advection 
and scattering) for electrons with various initial energies and pitch angles. Three nonlinear 
regimes are identified in a broad range of pitch angle-energy space systematically, each 
indicating different nonlinear effects. Our simulation results show that wave amplitude 
modulations can extend the nonlinear regimes, while significantly reducing electron acceleration 
by phase trapping. By including amplitude modulations, the "advective" changes in pitch angle 
and energy caused by phase bunching are reduced, while the "diffusive" scattering due to phase 
bunching is enhanced. Our study demonstrates the importance of wave amplitude modulations in 
nonlinear effects and suggests that they need to be properly incorporated into future theoretical 
and numerical studies. 
 
Plain Language Summary 
Whistler mode chorus waves are intense electromagnetic emissions that play an important role in 
pitch angle scattering and acceleration of electrons in the Earth’s outer radiation belt. Particularly, 
large amplitude chorus waves can result in nonlinear interactions with electrons, known as phase 
trapping and phase bunching. Previous studies have shown that phase trapping can accelerate 
electrons rapidly while phase bunching can decelerate electrons. However, quantification of such 
nonlinear interactions and their dependence on chorus wave amplitude modulations have not 
been fully understood. In this paper, we use a set of parameters to quantify the nonlinear 
interactions between chorus waves and electrons in a wide range of energy (0.01–10 MeV) and 
equatorial pitch angle (0– 90°). We found that nonlinear interactions lead to different pitch angle 
and energy variations at different regions of the pitch angle-energy space. We also found that 
nonlinear interactions are in general reduced by the amplitude modulations of chorus waves, with 
phase trapping being most significantly affected. Our study suggests that the effects of wave 




Whistler mode chorus waves are coherent, intense electromagnetic emissions with discrete 
elements (rising or falling tones), which occur naturally in the Earth’s magnetosphere (Burtis & 
Helliwell, 1976; Santolík et al., 2003; Tsurutani & Smith, 1974; Tsurutani et al., 2009, 2011). 
Chorus waves are generated by injections of ~10-100 keV electrons in association with 
substorms (e.g., Tsurutani and Smith, 1974), and play an important role in accelerating energetic 
electrons in the heart of the outer radiation belt through efficient energy diffusion (e.g., Horne et 
al., 2005a; Li et al., 2014; Meredith et al., 2002; Summers et al., 1998; Thorne et al., 2013). They 
are also one of the dominant wave modes that scatter electrons into the upper atmosphere to 
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produce diffuse and pulsating auroras (Ni et al., 2008, 2016; Nishimura et al., 2010; Thorne et al., 
2010).  
 
Quasi-linear theory, which assumes a continuum of incoherent, broadband and small amplitude 
waves (Kennel and Engelmann, 1966), is commonly used to model the interaction between 
chorus waves and energetic electrons (e.g., Albert et al., 2009; Horne et al., 2005b). Quasi-linear 
simulations are able to reproduce the evolution of electrons due to resonant interactions with 
chorus waves on a time scale longer than ~1 h (Albert et al., 2009; Glauert et al., 2014; Hajra et 
al., 2015; Li et al., 2014; Ma et al., 2018; Thorne et al., 2013; Tu et al., 2014). However, many 
studies have shown the importance of nonlinear interactions between chorus waves and energetic 
electrons which are beyond the scope of quasi-linear theory (Albert, 1993, 2000; Artemyev et al., 
2014; Bell, 1984; Bellan, 2013; Bortnik et al., 2008; Demekhov et al., 2006; Lee et al., 2010; 
Nunn & Omura, 2015; Saito et al., 2016; Shklyar & Matsumoto, 2009). Several studies 
demonstrated that nonlinear effects of chorus waves are responsible for the rapid acceleration of 
energetic electrons on a timescale much shorter than the quasi-linear theory prediction (Albert, 
2002; Mourenas et al., 2018; Omura et al., 2007). Observational evidence of such acceleration 
through nonlinear Landau trapping and cyclotron trapping by whistler mode chorus waves was 
presented by Agapitov et al. (2015) and Foster et al., (2017), respectively. Tsurutani et al. (2013) 
also suggested that nonlinear interactions due to chorus waves cause microburst electron 
precipitation. 
 
Spacecraft observations in the radiation belts show an abundance of large-amplitude chorus 
waves that can resonate with electrons nonlinearly (e.g., Cully et al., 2008; Tyler et al., 2019; 
Zhang et al., 2019). However, wave amplitude is not a single parameter determining the 
efficiency of nonlinear wave-particle interaction. Recent studies suggested that the discrete 
element structures of chorus waves are important for controlling their nonlinear effects. For 
example, Tao et al. (2012, 2014) showed that amplitude modulation of chorus waves can reduce 
the phase trapping of energetic electrons. Mourenas et al. (2018) suggests that for short duration 
chorus elements, the wave-particle interactions are in the transition regime of nonlinear 
interactions, i.e., where trapping-induced acceleration efficiency is far from its full capacity.  
 
In spite of many studies evaluating the effects of spectral structures of chorus wave elements, the 
quantitative dependence of nonlinear interactions on these structures is yet to be fully determined. 
In this letter, we quantitatively evaluate the nonlinear interactions between radiation belt 
electrons and whistler mode chorus waves in a broad range of pitch angle-energy space, by 
focusing on their dependence on wave amplitude modulations. Our study reveals the possible 
nonlinear interaction features at different pitch angle-energy regimes of radiation belt electrons 
and the importance of chorus wave amplitude modulations. 
 
2. Wave Models and Test Particle Simulation  
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2.1 Constructing Chorus Wave Models 
 
We use the method described in Tao et al. (2012) to reconstruct the spatiotemporal distribution 
of chorus waves based on the measurements from THEMIS C on 23 October 2008, and 
incorporate it into our test particle simulations. Figure 1a shows the rising-tone chorus wave 
element observed by THEMIS C. We use a linear function of wave frequency (𝜔) to fit the 
evolution of peak wave power during the 0.5 s of wave duration (black line), i.e., 𝜔 = 𝑠𝑟 ⋅
(𝑡 − 𝑡0) + 𝜔0, where 𝑠𝑟 is the frequency sweeping rate, t is the time, and 𝑡0 and 𝜔0 are 
determined at the time and frequency with the highest wave intensity. The red envelope of the 
waveform (Figure 1a, bottom) describes the wave amplitude as a function of time (𝐵𝑤(𝑡)). The 
chorus wave elements as a function of time and magnetic latitude are constructed by considering 
the wave propagation along the magnetic field line based on the cold plasma dispersion relation. 
The wave amplitude and frequency propagate at the group velocity, and the wave phase 
propagates at the phase velocity. The chorus element is repeated every 0.5 s without a gap 
between two adjacent elements.  
 
To exclusively determine the nonlinear effects due to wave amplitude modulation, we adopt a 
constant wave frequency model for convenience. We further multiply the observed wave 
amplitude by 5 times to focus on evaluating strong nonlinear effects. It is worth noting that these 
large amplitude chorus waves (Bw > several hundred pT) were observed in the inner 
magnetosphere (e.g., Li et al., 2011; Tyler et al., 2019; Wilson et al, 2011) and shown to interact 
with electrons nonlinearly (e.g., Zhang et al., 2018, 2019). We then construct three additional 
wave models with constant wave frequency, including a wave with constant wave amplitude 
(Figure 1b, Model 1), repeating wave elements with linearly increasing wave amplitude (Figure 
1c, Model 2), repeating wave elements with realistic wave amplitude (observed wave amplitude 
multiplied by 5) (Figure 1d, Model 3). The root-mean-square wave amplitude (504.85 pT) is the 
same for the three different models, and the constant frequency (833.28 Hz) is chosen to match 
the frequency of the most intense wave spectral density for the observed wave element (Figure 
1a). Model 2 is artificially constructed to represent a transition from Model 1 to Model 3 to 
facilitate theoretical analysis and understanding. 
 
2.2 Simulation Setup 
 
We use test particle simulations to model the interactions between electrons and the three wave 
models at L = 6. The simulations use the Boris-leapfrog method (Birdsall and Langdon, 2004, 
pp.356-357) to solve the full momentum equation describing the motion of electrons: 
𝑑?⃗?
𝑑𝑡
= 𝑞�𝐸�⃗ + ?⃗? × 𝐵�⃗ �, #(1)  
where ?⃗?, 𝑞 and ?⃗? are the electron momentum, charge and velocity, respectively; 𝐸�⃗  is the wave 
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electric field and 𝐵�⃗  is the sum of the wave magnetic field and the dipolar background magnetic 
field. Chorus waves are released from the equator and propagate to higher magnetic latitudes up 
to 30° in the northern hemisphere. We assume a latitudinal wave amplitude distribution 
described as  
𝐵𝑤 = �
𝐵𝑤0 tanh(𝜆) tanh(30 − 𝜆)                        0 ≤ 𝜆 ≤ 30
𝐵𝑤 = 0                                                                    𝜆 > 30
#  
where λ is the magnetic latitude in unit of degree and 𝐵𝑤0 is the original wave amplitude given 
by the three models (Figure 1). The background electron density is assumed to be 5 𝑐𝑚−3. The 
energetic electrons are released at the equator and move towards higher latitudes. We trace the 
electrons until they bounce back at their mirror points and reach the equator for the first time. In 
Model 1, for each initial energy and pitch angle, 360 electrons are released with the initial phase 
uniformly distributed between 0 and 360°. For Models 2 and 3, which have discrete wave 
element structures, for each initial energy and pitch angle, 72 electrons uniformly distributed in 
initial phase are released every 10 ms during a rising-tone period of 0.5 s, so that the electrons at 
each pitch angle and energy can interact with the entire wave element. The simulations are 
performed for electrons with initial energies of 0.01–10 MeV and initial equatorial pitch angles 
of 0–90°. 
 
3. Three Types of Nonlinear Regimes and Corresponding Nonlinear Interactions 
 
3.1 Nonlinear Regimes 
 
For different initial energies and equatorial pitch angles, the interactions between electrons and 
chorus waves can either be quasi-linear (QL) or nonlinear (NL). For a simplified model of a 
constant wave amplitude, QL and NL regimes are characterized by the inhomogeneity parameter 
determining if waves are sufficiently intense to interact with electrons nonlinearly (e.g., Omura 
et al., 2008; Shklyar and Matsumoto, 2009). However, this parameter cannot be evaluated for 
modulated waves with drifting frequency, and thus we introduce a quantitative approach to 
distinguish between QL and NL regimes. More specifically, a region with a given value of pitch 
angle and energy is defined as NL regime if any electron with various initial gyro-phases 
experiences phase trapping in the simulation, or the average energy change within a half bounce 
period is larger than 0.1 of the energy standard deviation, i.e., 𝛿𝐸���� > 0.1��𝛿𝐸 − 𝛿𝐸�����
2��������������� . The latter 
half of the criterion is set to identify the pure phase bunching case, where there is no phase 
trapping, but the phase bunching would lead to a non-zero average change in pitch angle and 
energy, in contrast to the diffusion process (e.g., Albert 2000; Bortnik et al., 2008; Demekhov et 





where 𝑘𝑧 is the parallel component of the wave vector, 𝑣𝑧 is the parallel component of the 
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electron velocity, 𝛺𝑒 is the non-relativistic electron gyrofrequency, 𝛾 is the relativistic factor, and 
𝑠 is the sign of the test particle (-1 for electrons). When electrons stay in continuous resonance 
with chorus, n oscillates near -1. If an electron has n that crosses -1 more than 5 times, then the 
electron is assumed to be phase trapped. We used the criteria of 5 to rule out the electrons 
experiencing very short phase trapping only, because these electrons detrap quickly and thus do 
not lead to appreciable nonlinear effects (e.g., Morenous et al., 2018). Based on the motions of 
the electrons, the NL regime is further characterized into three regimes. Figure 2a presents the 
approximate distribution of the three NL regimes for the Model 1 wave, color coded for the ratio 




 . A more 
accurate characterization of the boundaries between different regimes is discussed later in this 
section. In the following sections, we discuss the three NL regimes: (1) NL regime 1 at small 
pitch angles; (2) NL regime 2 at intermediate pitch angles and energies; and (3) NL regime 3 at 
high energies.  
 
3.2 Typical Motions of Electrons Within Each NL Regime 
 
Figures 2b-2d show specific trajectories illustrating the typical motions of electrons in the three 
NL regimes for Model 1. Figure 2b shows an example of electron motions with initial energy of 
100 keV and initial equatorial pitch angle of 4∘ in NL regime 1. In this regime, the electrons at 
different gyro-phases present high probabilities of phase trapping and experience large increases 
in equatorial pitch angle and energy, which is consistent with the theoretical prediction (Albert, 
2000). However, electrons subject to phase bunching also experience net increases in energy and 
pitch angle, along with scattering effects, although the changes are not as significant as phase 
trapping. The high probability of phase trapping and the ‘positive’ phase bunching lead to the 
large values of 𝜉 in NL regime 1 (Figure 2a). This unusual phase bunching is consistent with 
some previous studies (Camporeale & Zimbardo, 2015; Inan et al., 1978; Kitahara & Katoh, 
2019; Matsumoto et al., 1974), but has not been included into conventional models predicting 
that phase bunching causes negative changes in pitch angle and energy for the first cyclotron 
resonance (Albert et al., 2013; Artemyev et al., 2018; Shklyar and Matsumoto, 2009, and 
references therein). This unconventional ‘positive’ phase bunching, combined with the phase 
trapping effect, can significantly scatter electrons away from the loss cone in NL regime 1.  
 
The motions of electrons in NL regime 2 are shown in Figure 2c, which is consistent with the 
conventional phase trapping and phase bunching discussed in many previous theoretical and 
numerical studies (e.g. Albert, 2000, 2002; Bortnik et al., 2008). In NL regime 2, phase trapping 
significantly increases pitch angle and energy, while the phase bunching leads to decreases in 
both pitch angle and energy. The combined effect accounts for modest values of 𝜉 in NL regime 
2 (Figure 2a). 
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In NL regime 3, the electrons experience two special types of phase trapping: the relativistic 
turning acceleration (Omura et al., 2007) and the ultra-relativistic acceleration (Summers et al., 
2007). In NL regime 3, the electrons gain large energy from phase trapping. Eventually, their 
energies are high enough so that the relativistic resonance condition 𝜔 − 𝑘𝑧𝑣𝑧 =
|𝛺𝑒|
𝛾
  is satisfied 
for co-streaming electrons, i.e., 𝑘𝑧𝑣𝑧 > 0 due to the large value of 𝛾 that downshifts the value of 
relativistic gyrofrequency below the wave frequency, thus leading to the ‘turning’ of electrons. 
As shown in Figure 2d, the electrons first travel towards the equator and their pitch angle and 
energy increase during phase trapping. Then they reach a point where 𝜔 = |𝛺𝑒|
𝛾
  (𝛾~4) and turn 
away from the equator while their energies continue to increase, but their equatorial pitch angles 
start to decrease following the resonance condition as they move towards higher latitudes. 
Finally, the electrons become detrapped at high latitudes and bounce back to the equator. This is 
the process of relativistic turning acceleration (RTA). For higher energies with high pitch angles, 
the electrons experience the second half of RTA as soon as they leave the equator during their 
first quarter-bounce period, which is called ultra-relativistic acceleration (URA) by Summers et 
al. (2007). These two special types of phase trapping can result in significant energy increases, 
while the pitch angle increase is limited due to the turning for RTA, and the pitch angle may 
even decrease for URA. These effects are discussed in more details in section 3.3. 
 
3.3 Quantification of Electron Phase Trapping for Three Wave Models 
 
Figure 3 shows the quantitative assessment of electron phase trapping. Figures 3a-3c show the 
average equatorial pitch angle change (𝛿𝛼𝑡𝑟𝑎𝑝𝑝𝑒𝑑), normalized average energy change 
(𝛿𝐸𝑡𝑟𝑎𝑝𝑝𝑒𝑑𝑛𝑜𝑟𝑚 ), and the probability of phase trapping (𝑃𝑡𝑟𝑎𝑝𝑝𝑒𝑑) for electrons interacting with the 
Model 1 wave at different energies (0.01–10 MeV) and pitch angles (0–90o), over the course of a 

















where 𝑁𝑡𝑟𝑎𝑝𝑝𝑒𝑑 is the number of phase trapped electrons, 𝑁 is the total electron number, 𝛿𝛼 (𝛿𝐸) 
is the equatorial pitch angle (energy) change of each electron during the half bounce period, 𝐸0 is 
the initial energy of each electron, and the ‘trapped’ notation indicates that the summation is only 
performed over the phase trapped electrons. Figures 3d-3f (Figures 3g-3i) show the same 
parameters for the Model 2 (Model 3) waves. The pitch angle and energy changes due to the 
Model 1 wave have maximum values at lower pitch angles and higher energies. For electrons 
interacting with the Model 2 waves, the pitch angle and energy range of the maximum variations 
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is similar to that of Model 1, but the values are overall smaller, which is due to detrapping by the 
amplitude structure of the Model 2 waves. Such effects are more significant for the Model 3 
waves, since they have a sharper amplitude variation, so that the electrons are detrapped more 
frequently. As is shown in Figures 3g-3h, the pitch angle and energy changes are much smaller 
than those of Model 1 (3a and 3b) and 2 (3d and 3e). Meanwhile, the peak of electron 
acceleration is located at small pitch angle regions for Model 3, as shown in Figures 3g and 3h. 
From Model 1 to 3, the maximum variations in both pitch angle and energy gradually shift to 
smaller pitch angles.  
  
Phase trapping probability of Model 1 (Figure 3c) is highest at small pitch angles and energies. 
The electrons also have a high probability of phase trapping at high pitch angles close to 90° at > 
1 MeV in NL regime 3, corresponding to the URA processes. For Model 2, the phase trapping 
probability near the resonance boundary (corresponding to the resonance location near the 
equator marked by the white or black curve) increases. This trend becomes more evident for 
Model 3 with the realistic wave amplitude modulation. It is worth noting that although the 
probability of phase trapping is highest near the resonance boundary for Model 2 and Model 3, 
the corresponding net changes in pitch angle and energy are rather small, since electrons are 
quickly detrapped due to their resonance near the equator. 
 
Although the acceleration by phase trapping is reduced due to the amplitude modulation, the 
overall NL phase trapping region expands in pitch angle and energy from Model 1 (Figures 3a-
3c) to Model 3 (Figures 3g-3i). This feature is likely related to the higher peak wave amplitude 
(or/and sharper wave amplitude gradients) in “more realistic” wave amplitude modulation 
(Figure 1), which is > ~1.5 nT, as shown in Figure 1d. The high amplitude components of the 
realistic wave packets cause additional nonlinear phase trapping in a broader pitch angle and 
energy range. 
 
3.4 Quantification of Electron Phase Bunching for Three Wave Models 
 
Figure 4 shows the quantitative assessments of phase bunching electrons interacting with the 
three wave models. Since we limited our analysis inside the NL regime, any electrons that are 
not phase trapped are considered as phase bunching, which includes both advection and 
“diffusive” scattering. Figures 4a-4d show the average equatorial pitch angle change (𝛿𝛼𝑏𝑢𝑛𝑐ℎ𝑒𝑑), 
the average normalized energy change (𝛿𝐸𝑏𝑢𝑛𝑐ℎ𝑒𝑑𝑛𝑜𝑟𝑚 ), the standard deviation of equatorial pitch 
angle (𝜎𝛼), and the standard deviation of normalized energy (𝜎𝐸) for the phase bunching 
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where 𝑁𝑏𝑢𝑛𝑐ℎ𝑒𝑑 is the number of phase bunching electrons for each pitch angle-energy, 𝛿𝛼 (𝛿𝐸) 
is the equatorial pitch angle (energy) change of each electron during the half bounce period, and 
the ‘bunched’ notation indicates that the summation is only done for phase bunching electrons. 
Figures 4e-4h (4i-4l) show the results of Model 2 (Model 3) waves. 
 
For Model 1, Figures 4a and 4b show the increase in pitch angle and energy at small pitch angles, 
which corresponds to the NL regime 1 discussed in section 3.2. In the NL regime 1 for Model 1, 
the pitch angle and energy variations of positive phase bunching present the highest values at 
smaller pitch angles. In NL regime 2 for Model 1, the negative pitch angle and energy changes 
present the highest values at the resonance boundary. The average pitch angle and energy 
changes due to phase bunching in NL regime 3 are relatively small. The phase bunching features 
of Model 2 follow the same pattern as that of Model 1, except that the positive phase bunching 
region of regime 1 is expanded. For Model 3, the average pitch angle and energy change follows 
the similar pattern to Model 1 and 2, but with smaller values. The NL regime 1 (positive phase 
bunching) in Model 3 presents larger pitch angle and energy ranges than Model 1 and 2, 
although the net changes are overall smaller. The transition between NL regime 1 and regime 2 
also becomes smoother, and the boundary becomes less evident for Model 3 with more realistic 
waves. 
 
Figures 4c and 4d show the pitch angle and energy scattering rates for the phase bunching 
electrons, which both present the highest values at small pitch angles and energies, close to the 
transition region between NL regime 1 and regime 2.  The pitch angle and energy scattering rates 
of phase bunching electrons in Models 2 and 3 follow the similar pattern, but are in general 
stronger. This indicates that for more realistic wave amplitude modulation, the electron motions 
tend to be more “diffusive”, rather than more “advective”, leading to stronger pitch angle and 
energy scattering. 
  
4. Summary and Discussion 
 
Using test particle simulations, we identified three nonlinear regimes in a broad range of pitch 
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angle-energy space in a systematic way and quantified the nonlinear effects within these regimes 
for the interactions between chorus waves and energetic electrons by focusing on the effects of 
wave amplitude modulation. The main findings of the present study are summarized below. 
 
(1) Amplitude modulation of chorus waves reduces the electron acceleration caused by phase 
trapping compared to a single frequency wave with constant wave amplitude. For the artificial 
Model 2 waves, which exhibit a monotonically increasing wave amplitude, the reduction in 
electron acceleration rate is not significant compared to Model 1. However, for the realistic wave 
amplitude modulation (Model 3), which includes a sharp peak inside the wave packet, the phase 
trapping effects are reduced significantly. However, the acceleration caused by this reduced 
phase trapping is still noticeable.  Our results imply that the acceleration caused by phase 
trapping is strongly affected by the ‘shape’ of chorus wave amplitude modulation. 
 
(2) NL regime 1 exhibits a special phase bunching that leads to increases in electron pitch angle 
and energy (Camporeale & Zimbardo, 2015; Inan et al., 1978; Kitahara & Katoh, 2019; 
Matsumoto et al., 1974), which is different from the quantitative prediction by conventional 
Hamiltonian studies (Albert et al., 2013; Artemyev et al., 2018).  This feature may be important 
for evaluating electron precipitation loss due to nonlinear interactions with chorus waves. 
 
(3) The realistic wave packets tend to increase the scattering of phase bunching electrons 
(become more diffusive), while reducing the advection (average net changes) in pitch angle and 
energy compared to a single frequency wave with constant wave amplitude. 
 
(4) NL regime 3 shows a special phase trapping that involves electrons resonating with chorus 
waves when moving with the waves in the same direction, i.e., relativistic turning acceleration 
and ultra-relativistic acceleration effects. 
 
(5) The distribution of the regions, where nonlinear effects are most effective, varies 
significantly by the amplitude structures of the chorus wave packet.  
 
Our simulation results based on test particle simulations will benefit from further theoretical 
analysis. For example, the appropriate theoretical predictions for phase bunching electrons at 
small pitch angles, theoretical calculations for the distribution of the three nonlinear regimes and 
how they vary by including the amplitude modulations, are important but are beyond the scope 
of the present study, and thus are left as future investigations. Nevertheless, our simulation 
results clearly demonstrate the importance of wave amplitude modulation in nonlinear 
interactions between chorus waves and radiation belt electrons in a broad range of energy and 
pitch angle and suggests that they need to be properly incorporated into future theoretical and 
numerical studies. Further in-depth and extensive studies are needed to fully understand how the 
distribution of different nonlinear regimes changes in response to various chorus wave packets 
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(e.g., wave amplitude, frequency structure, wave normal angle, etc.) in a more systematic way.  
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Figures and Captions 
 
 
Figure 1. (a) Observed chorus wave magnetic spectral density and a component of chorus wave 
magnetic field perpendicular to the ambient magnetic field based on the waveform data from 
THEMIS; (b) Same format as panel (a) but for the constructed Model 1 with the constant wave 
frequency and amplitude, (c) Model 2 with the constant wave frequency and monotonically 
increasing wave amplitude, and (d) Model 3 with the constant wave frequency and realistic wave 
amplitude modulation.  
This article is protected by copyright. All rights reserved.




Figure 2. (a) Ratio between the average energy change and energy standard deviation for the 
simulation results due to the Model 1 wave; (b) energy and pitch angle change of phase trapping 
and phase bunching electrons in nonlinear (NL) regime 1, with different colors representing 
different initial gyro-phases of electrons; (c) energy and pitch angle change of phase trapping and 
phase bunching electrons in NL regime 2; (d) energy and pitch angle change of phase trapping 
(relativistic turning acceleration) and phase bunching electrons in NL regime 3. 
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Figure 3. Test particle simulation results of phase trapped electrons interacting with whistler 
mode waves with three different wave amplitude structures. (a) Pitch angle change, and (b) 
energy change of phase trapping electrons; (c) probability of phase trapping for electrons 
interacting with the Model 1 waves. (d-f) Same as (a-c) but for Model 2. (g-i) Same as (a-c) but 
for Model 3. The black or white line in each panel represents the minimum resonance boundary. 
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Figure 4. Test particle simulation results of phase bunched electrons interacting with whistler 
mode waves with three different wave amplitude structures. (a) Averaged pitch angle change, (b) 
averaged energy change, (c) standard deviation of pitch angle variation, and (d) standard 
deviation of energy variation of phase bunching electrons interacting with Model 1. (e-h) Same 
as (a-d) but for Model 2. (i-l) Same as (a-d) but for Model 3. The black or white line in each 
panel represents the minimum resonance boundary. 
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